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Abstract
A quantum correction to the Brans-Dicke theory due to interactions
among matter fields is calculated, resulting in violation of WEP, hence
giving a constraint on the parameter ω far more stringent than accepted
so far. The tentative estimate gives the lower bounds >∼106 and >∼108 for
the assumed force-range >∼1m and >∼1AU, respectively.
∗E-mail: ysfujii@tansei.cc.u-tokyo.ac.jp
Many aspects of the Brans-Dicke (BD) theory [1], as a classical theory, have
been the focus of extensive studies. Little attention seems to have been paid,
however, to quantum effects due to the interaction among matter fields. This
might be serious, because it results in violation of Weak Equivalence Principle
(WEP)† to the extent that the bound on the parameter ω will be made much
more stringent than accepted so far, as will be demonstrated on the basis of a
simple model.
Assume the Lagrangian:
L = √−g
[
1
8ω
φ2R − 1
2
gµν∂µφ∂νφ+ Lmatter
]
, (1)
where our φ, related to the original symbol by ϕBD = φ
2/8ω, fits the conventional
notation in the standard quantum field theory. The solar system experiments have
given a widely accepted lower bound ω>∼500.
The nonminimal couplings of the scalar field essentially of the same nature
are known to be rather common in many of the theoretical models of unification,
thus making this classic model particularly relevant.
The assumed masslessness of the scalar field is, however, vulnerable against
quantum effects; there is no principle that prevents a scalar field from acquring a
nonzero mass. It is even likely that the acquired mass-squared is µ2 ∼ Gm4, giving
a force-range λ = µ−1 which would be of the order of macroscopic distances if m
is of the order of hadronic masses. This observation was one of the motivations
to propose a non-Newtonian force, or the fifth force [2]. The constraint ω>∼500
would not apply if λ≪ 1 AU.
Another important requirement in the original BD theory is the assumed
absence of the direct coupling of φ to the matter fields at the level of the La-
grangian, though the coupling arises indirectly. In fact this assumption results in
the geodesic equation for a matter particle, hence ensuring WEP. The purpose of
this note is to show that this result is also fragile against quantum effects.‡
For the sake of illustration we consider the matter system of nucleons and the
electromagnetic field. The analysis is focused upon electromagnetic interaction
of protons. In the original theory of (1), however, the φ-matter coupling occurs
only in the field equation. This makes it inconvenient to apply the conventional
†WEP, sometimes called composition-independence, implies that any object at a given space-
time point falls with a common acceleration independent of its mass and composition. See, for
example, C. Will, Phys. Rep. 113, 346 (1984).
‡Violation of WEP does not necessarily imply the same of Equivalence Principle (EP) in the
more fundamental and theoretical sense; tangential spacetime at each point of curved spacetime
should be Minkowskian.
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technique of QED. We then apply a conformal transformation [3]§:
gµν → g∗µν = 2πG
ω
φ2gµν . (2)
In the new starred conformal frame the Lagrangian (1) is cast into the form
L = √−g∗
[
1
16πG
R∗ − 1
2
gµν∗ ∂µσ∂νσ + L∗matter
]
, (3)
where σ is a redefined canonical scalar field related to φ by
φ =
√
ω
2πG
eβσ, with β =
√
4πG
3 + 2ω
.
For the matter Lagrangian with the proton field ψ and the electromagnetic
field Aµ, the transformed Lagrangian differs in form only in the mass term:
L∗mass = −me−βσψ∗ψ∗, (4)
where ψ∗ = (2πG/ω)
−3/4φ−3/2ψ, while Aµ remains unchanged. The exponential
factor in (4) shows the presence of the direct matter coupling in the new conformal
frame. In accordance with this, the geodesic equation is modified but in such a
universal manner that WEP remains valid.¶ In the following we suppress the
symbol ∗ to simplify the notation.
We focus upon the linear term
Lσ = βmψψσ. (5)
This is the coupling to the trace of the matter energy-momentum tensor T =
−mψψ, with no contribution from Aµ. This interaction, corresponding to a
vertex in Feynman diagrams, may be represented by a “mass insertion” to a
proton line in the limit of a vanishing momentum transferred to σ.
We now calculate the one-loop correction to this vertex. To the lowest-order
approximation with respect to the fine-structure constant α = e2/4π ≈ 1/137,
we consider two types of diagrams: (a) mass insertion in the internal proton line
of the proton self-energy diagram (se); (b) mass insertion to the external proton
lines attached to (se).
The contribution from the diagram (se) is represented by
Σ(m, ip/) = A(m) + (m+ ip/)B(m) + (m+ ip/)2Σf (m, ip/),
§The final results remain the same in both conformal frames before and after the transfor-
mation in our calculation to the lowest order with respect to G, though this is not the case in
general. The equivalence can be established by introducing σ in the original conformal frame;
φ =
√
ω/2piG + (1/
√
1 + 3/2ω)σ. Diagonalization corresponding to (2) is also useful. More
details will be discussed elsewhere.
¶The right-hand side of the geodesic equation is now−β(∂νσ)(gµν∗ +uµ∗uν∗), being independent
of properties specific to individual objects.
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where A = δm is the self-energy as given by a divergent integral [4]
A = m
α
2π
[
−i 1
π2
∫
dx(1 + x)
∫
d4k
1
(k2 + x2m2)2
− 1
4
]
, (6)
while B represents a wave-function renormalization.
The correction results in replacing m in (5) by M in which the portion pro-
portional to α is given byM1 =Ma +Mb, where
Ma =
[(
m
∂
∂m
)
Σ(m, ip/)
]
ip/=−m
, and Mb = −mB. (7)
In Ma, (∂/∂m) adds another proton line, while m provides the mass at the
vertex. In the calculation of Mb, on the other hand, we have included −δm in
the self-energy part. A cancellation occurs among the terms of B, hence leaving
M1 = mdA
dm
= δm− 3α
2π
m, (8)
where (6) has been used.
The first term δm is obviously absorbed into the zeroth order term m, thus
replacing the bare mass by the observed renormalized mass m + δm. On the
other hand, the second term −(3α/2π)m represents an extra contribution not
to be included in the trace. The fact that this term is not part of mass can be
seen by examining T00 which is the source of the gravitational field for a static
renormalized proton:
T00 ≈ 1
2
ψ
(
γ0
−→
∂ 0 −←−∂ 0γ0
)
ψ
= −1
2
ψ
(−→
∂/−←−∂/
)
ψ
= ψ [(m+ δm)− βmσ + · · ·]ψ,
where · · · means other interaction terms. Notice that due to the Ward identity,
no renormalization is present for Tµν as long as we stay out of quantum effects of
gravity in 4 dimensions.‖ We have retained the σ-term because it might behave
like a constant in a region where the field σ(~x) is nearly constant. This term,
however, is negligible of the order of
√
G being entirely different from the above
extra term −(3α/2π)m. In this way we find that the extra term gives a difference
between what the tensor gravitational field feels and what the scalar field feels,
hence the violation of WEP. We also observe that the term depends explicitly on
α, one of the “internal parameters,” beyond the extent to which it is absorbed
into the mass.
‖I thank K. Fujikawa for the related comments.
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We point out that the extra term is finite in the same context as in the “trace
anomaly”.∗∗ WEP which has been designed to be valid classically is induced to be
violated following the manner of “quantum anomalies.” This finiteness allows us
to make a less ambiguous prediction than the force-range of σ. It is interesting to
notice that the finiteness can also be understood by using an explicit expression
δm = (3α/2π)m[ln(Λ/m) + 1/4], where Λ is a cutoff. The anomalous term arises
simply because a naive dimensional analysis fails due to the presence of the cutoff.
We now discuss phenomenology. By assuming a nonzero mass µ = λ−1 of σ,
we have a fifth-force-type potential:
Vij = −GMiMj
r
(
1 +
qiqj
3 + 2ω
e−r/λ
)
, (9)
as will be read off from (5).
According to the present model, the neutral neutron is free from anomaly;
qn = 1, whereas (8) for the proton is translated into qp = 1− (3α/2π).
Consider a nucleus i with the mass number Ai and the atomic number Zi.
Again as an illustration, we choose a simplified model in which a nucleus is made
of nucleons and fields mediating nuclear forces but assumed to observe WEP. We
also ignore electrons. Then qi for the atom/nucleus is given by
qi = 1− 3α
2π
Zim
Mi
≈ 1− 3α
2π
Zi
Ai
,
whereMi is the mass of the nucleus and the proton mass m replaced by ≈Mi/Ai.
The fractional difference of the acceleration between the two nuclei i and j
toward a source S is then
δaij
aij
=
1
3 + 2ω
(qi − qj) qSF ,
where qS of the source may be replaced by the composition-independent compo-
nent 1, while F(R, λ) takes care of the finite force-range; F → 1 for λ≫ R.
Suppose first that λ>∼1AU. Then the most stringent constraint comes from
the null experiments by Roll, Krotkov and Dicke, and by Braginski and Panov
[5]. These result impose the condition |δaij/aij|<∼10−12. This translates into∣∣∣∣ 13 + 2ω
3α
2π
δ
(
Z
A
)∣∣∣∣ <∼10−12.
We find δ(Z/A) ≈ 0.08 for Al and Pt/Au, hence giving ω>∼1.5 × 108, far larger
than ω>∼500, as obtained from the solar-system experiments.
∗∗Trace anomaly itself is consistent with EP at the fundamental level. It can be relevant to
the experimental WEP violation only if σ is sufficiently long-ranged.
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If λ ≪1AU, the free-fall experiments on the Earth [6] then give the lower
bounds of ω; 460, 5.2 × 103 and 2.5 × 104 for the assumed values of λ; 100km,
103km and 104km, respectively. They still tend to be more stringent than 500.
If λ is as small as 1m or even less, we resort to the composition-dependent ex-
periments using terrestrial sources. Some of the recent measurements [7] reached
the accuracy ∼ 10−11 for the upper bound of the fractional acceleration difference
between Cu and Be, giving ω>∼2.2× 106. This is true for λ>∼1 m, thus surpassing
the limits set by the free-fall experiments.
The amount of composition-dependence as represented by 3α/2π is quite large
as compared with what has been expected from the baryon-number coupling.
Combining this with extremely accurate tests of WEP is the reason why we
“improved” the bound of ω by many orders of magnitude. The new constraint
will affect many analyses attempted so far on the BD theory. On the other hand,
very large ω may be avoided if λ is sufficiently small, perhaps shorter than 1m.
Our analysis was based on a simplified model in which composition-dependence
comes only from the anomaly in protons. For this reason the results are tenta-
tive, mainly to demonstrate the importance of the issue. Obviously other fields
should be taken into account. Even the electromagnetic interaction of the neutron
through the anomalous magnetic moment may not be ignored. It might be better
to apply the same technique to the quarks with the gauge fields at a more fun-
damental level. With such elaborations, however, the effect of roughly the same
size still seems unavoidable unless some cancellation mechanism is discovered to
work.
A possible way to avoid unnaturally large values of ω is to invoke a suppression
mechanism as advocated by Damour and Nordtvedt [8]. Even with the suggested
modification of the nonminimal coupling, however, the anomalous effect should
be still present to be included in the analysis. In this connection we also point
out that the argument depends crucially on the assumption of a standard mass
term in the original conformal frame in which the Lagrangian is given by (1).
Unification models suggest the φ-dependence of the mass terms. An example
was studied in which the “mass” tends asymptotically to a constant value as
the Universe expands [9].†† Further study of various versions of the scalar-tensor
theory in conjunction with the experimental efforts will benefit the development
toward unification.
Finally we add that the mass insertion to the photon self-energy part yields
the anomalous coupling
Lσγ = −2α
3π
β
1
4
FµνF
µνσ,
††According to this model, the strength of the σ coupling is suppressed by the age of the
Universe.
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which is also finite. This is interesting because it is not a trace coupling, certainly
violating WEP. Unfortunately, the effect through the nuclear Coulomb energy is
numerically negligible compared with that of the proton anomaly.
I thank Y.M. Cho for discussions at the early stage of the work. I also ac-
knowledge useful discussions with K. Kuroda and R. Newman.
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